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The effect of solid boundaries on the closure relationships for filtered two-fluid models
for riser flows was probed by filtering the results obtained through highly resolved kinetic
theory-based two-fluid model simulations. The closures for the filtered drag coefficient
and particle phase stress depended not only on particle volume fraction and the filter
length but also on the distance from the wall. The wall corrections to the filtered closures
are nearly independent of the filter length and particle volume fraction. Simulations of fil-
tered model equations yielded grid length independent solutions when the grid length is
�half the filter length or smaller. Coarse statistical results obtained by solving the fil-
tered models with different filter lengths were the same and corresponded to those from
highly resolved simulations of the kinetic theory model, which was used to construct the
filtered models, thus verifying the fidelity of the filtered modeling approach. VVC 2010 Ameri-
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Introduction

Gas-particle flows in bubbling and circulating fluidized
beds are inherently unstable, and they manifest fluctuations
in velocities and local suspension density over a wide range
of length and time scales.1,2 In riser flows, these fluctuations
are associated with the random motion of the individual par-
ticles (typically characterized through the granular tempera-
ture) and with the chaotic motion of particle clusters, which
play a major role in axial dispersions of particles, radial dis-
tribution of particles, chemical reaction rates, erosion, and
heat transfer at the wall; in short, they affect the overall per-
formance of circulating fluidized beds.3–9 Although two-fluid
(Euler-Euler) models2,10,11 are able to capture these clusters
in a robust manner, prohibitively expensive spatial and tem-
poral resolutions are often needed to resolve the clusters at
all length scales.12–14 Due to computing limitations, the grid
sizes used in simulating industrial scale gas-particle flows

are invariably much larger than the length scales of the
(finer) particle clusters. Such coarse-grid simulations for
industrial scale gas-particle flows will clearly not resolve the
structures which exist on sub-grid length scales; however,
these small-scale unresolved structures are known to affect
the resolved flow characteristics.14–16

Researchers have approached this problem of treating
unresolved structures through various approximate schemes.
O’Brien and Syamlal,17 Boemer et al.,18 and Heynderickx
et al.19 noted the need to correct the drag coefficient to
account for the consequence of clustering and proposed cor-
rections for the very dilute limit. Some authors have used an
apparent cluster size in an effective drag coefficient closure
as a tuning parameter;20 others have deduced corrections to
the drag coefficient using an Energy Minimization Multi-
Scale (EMMS) approach.21–23 Some researchers have modi-
fied the drag coefficients for homogeneous systems using a
bubble-emulsion model, where the bubble and emulsion
phases are described as two interpenetrating phases (to cap-
ture bed-expansion characteristics in bubbling fluidized beds
with coarse grid simulations).24,25 The concept of particle
phase turbulence has also been explored to introduce the
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effect of the fluctuations associated with clusters and stream-
ers on the particle phase stresses.26,27

Agrawal et al.12 performed highly resolved simulations of
kinetic-theory-based two-fluid model (henceforth referred to
as microscopic two-fluid model) equations for gas-particles
flow in periodic domains, determined the domain-averaged
effective drag and effective stresses, and demonstrated that
these effective quantities were not only quantitatively very
different from those used in the microscopic two-fluid model
but also depended on size of the periodic domain. They also
found that both 2D and 3D simulations revealed the same
qualitative trends. Andrews et al.28 performed highly
resolved simulations of fluidized gas-particle mixtures in a
2D periodic domain whose total size coincided with that of
the grid size in an anticipated large-scale riser flow simula-
tion and constructed ad hoc sub-grid models for the effects
of the fine-scale flow structures on the drag force and the
stresses, and examined the consequence of these sub-grid
models on the outcome of the coarse-grid simulations of
gas-particle flow in a large-scale vertical riser. They found
that these sub-grid scale corrections affect the predicted
large-scale flow patterns profoundly.28 In our earlier work,29

we presented a systematic filtering approach to construct clo-
sure relationships for the drag coefficient and the effective

stresses in the gas and particle phases. Briefly, we performed
highly resolved simulations of a kinetic theory-based two-
fluid model with Wen & Yu drag for uniformly sized par-
ticles2,12,28–30 in a large periodic domain (considerably larger
than the filter length) and filtered the results using different
filter lengths. We showed that the closure relationships for
the drag coefficient and the effective stresses in the gas and
particle phases (that appear in the filtered two-fluid model)
manifested a definite and systematic dependence on the filter
length. However, these filtered closures did not include the
possible effect of bounding walls and are therefore likely to
be restricted to flow regions far away from solid boundaries.

An alternate approach based on the aforementioned
EMMS method has been developed by Li et al.31–35 Such
an approach is reported to have good success in capturing
experimental data.22,36 Unlike this study where the correc-
tions to the drag force depend on filter length, the EMMS
model prescribes a fixed modification to the drag force and
it may perhaps be viewed as the large filter length limit.
Some authors13,37–42 have combined EMMS model (which
assumes that some of the particles reside in a clustered
state) for drag with kinetic theory model for stresses (which
assumes that individual particles move chaotically); in con-
trast, the approach pursued in our studies mentioned above
and in this study filters the stresses and the drag in a con-
sistent manner.

It is now generally accepted that clusters and streamers
are formed in gas-particle flows in vertical risers, and they
are found more frequently near the tube walls so that on an
average, particle volume fraction is larger near the wall
region. A consequence of such segregation is that the aver-
age velocity of particles and gas in the wall region can be
downward even though the net flow is in the upward direc-
tion—a dilute rising core and a dense descending annular
region.5,6,9,15,43,44 Clusters at the wall of a riser have been
observed to form, descend, break-up, travel laterally from
the annulus to the core, and then be re-entrained in the
upward flowing core. In this manner, they contribute to the
internal solids mixing process within a riser.7,8 Conse-
quently, it is important to incorporate the effects of bound-
ing walls on the filtered closures before attempting a com-
parison of the filtered model predictions with experimental
data.

The first objective of this study is to investigate of the
effect of the bounding walls on the closure relationships for
the filtered two-fluid model equations and to incorporate
these effects as wall corrections to the filtered drag

Figure 1. Schematic diagram of the 2D computational
domain.

In this set-up, the gas and particles enter the domain uni-
formly at the bottom. A splash plate is located over the
entire width at the top. The gas and particles are allowed to
leave through exit regions located on either side (just below
the splash plate). The height of this opening is one-half the
width of the system.

Table 1. Sample Physical Properties of the Gas and Particles

dp Particle diameter 7.5 � 10�6 m
qs Particle density 1500 kg/m3

qg Gas density 1.3 kg/m3

lg Gas viscosity 1.8 � 10�5 kg/m s
ep Coefficient of restitution 0.9
ew e for particle-wall collisions 0.9
g Gravitational acceleration 9.80665 m/s2

vt Terminal settling velocity 0.2184 m/s
v2t
g Characteristic length 0.00487 m
vt
g Characteristic time 0.0223 s
qsv2t Characteristic stress 71.55 kg/m s2

qsvt Characteristic mass flux 327.6 kg/m2 s
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coefficient and particle phase stresses that are appropriate for
coarse-grid simulations of gas-particle flows in risers (of cir-
culating fluidized beds). To address this point, we have per-
formed a set of highly resolved simulations of a kinetic-

theory-based two-fluid model in 2D channels equipped with
bounding walls and inlet and outlet regions, and analyzed
the variation of the filtered closures with distance from the

Figure 2. Snapshots of the particle phase volume fraction
field extracted from the 2D simulation of the
kinetic theory model equations in a 2D domain
with partial slip (Johnson and Jackson45) BC with
(a)u5 0.0001 and (b)u5 0.6 for the particle phase
and free slip BC for the gas phase at all walls.

Simulation conditions: The dimensionless inlet gas and par-
ticle phase superficial velocities are 4.259 and 0.109,
respectively. The physical conditions corresponding to this
simulation are listed in Table 1. The inlet particle phase
volume fraction is 0.07. Channel width and height are 102.8
and 1028 du, respectively. The gray scale axis ranges from
/s ¼ 0.00 (white) to /s ¼ 0.45 (black).

Figure 3. (a) The filtered drag coefficient, (b) the fil-
tered horizontal particle phase normal stress,
and (c) the filtered particle phase viscosity
extracted from kinetic theory model-based
simulations in a channel shown in Figure 1.

Error bars at four locations are also included. Results are shown
for four different particle phase volume fractions inside the filtered
region, illustrating that the wall correction is essentially independ-
ent of particle volume fraction. Grid length: 0.514 du. Filter
length: 2.056 du. The filtered drag coefficient is scaled with that
extracted from the core region. The results are shown for one-half
of the channel width and the distance is measured from the wall.
Channel width and height are 102.80 and 1028 du, respectively.
The dimensionless inlet gas and particle phase superficial veloc-
ities are 4.259 and 0.109, respectively. The inlet particle phase
volume fraction is 0.07. u ¼ 0.6. The remaining physical condi-
tions corresponding to this simulation are listed in Table 1.
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bounding walls using different filter lengths. The present
analysis reveals that the filtered quantities must be allowed
to depend not only on particle volume fraction but also on
the distance from the wall.

The second objective of this study is to demonstrate the fi-
delity of the filtered two-fluid models. This entails several
tests: (a) the filtered two-fluid models must yield grid-length
independent coarse statistical quantities once the grid length

Figure 4. (a) Filtered drag coefficient, (b) filtered hori-
zontal particle phase normal stress, and (c)
filtered particle phase viscosity as functions
of distance from the wall, extracted from
kinetic theory model-based simulations in the
channel shown in Figure 1 for three filter
lengths.

Error bars at four locations are also included. Grid length:
0.514 du. The filtered drag coefficient is scaled with that
extracted from the core region. The results are shown for
one-half of the channel width and the distance is measured
from the wall. See caption for Figure 3 for additional
details.

Figure 5. (a) Filtered drag coefficient, (b) filtered hori-
zontal particle phase normal stress, and (c)
filtered particle phase viscosity as functions
of distance from the wall, extracted from
kinetic theory model-based simulations in the
channel shown in Figure 1 for three different
channel widths.

Error bars at four locations are also included. Filter length:
2.056 du. Grid length: 0.514 du. All filtered quantities were
scaled with the corresponding quantities extracted from the
core region (which were found to be the same for all three
channel widths). See caption for Figure 3 for additional
details. The figure also includes three data points (with error
bars) from simulations with 100 lm diameter particles.
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Table 2. Wall Corrections to the Filtered Drag Coefficient, Horizontal Particle Phase Normal Stress, and Shear Viscosity

Dimensionless distance from the wall (see Figure 1): xd ¼ g x/v2t
1. Filtered drag coefficient:

bfiltered;scaled ¼
bfilteredð/s; xdÞ
bfiltered;coreð/sÞ

¼ 1

1þ 6:00 expð�axdÞ ; xd �
channel width

2

bfiltered;coreð/sÞ ¼ bfiltered;periodicð/sÞ

where ‘‘a’’ is a function of the wall specularity coefficient (u) and is defined as:

aðuÞ ¼ 0:036u2 þ 0:162uþ 0:295

2. Filtered particle phase horizontal normal stress:
For u ¼ 0.0 (free slip):

ps;filtered;xx;scaled ¼ ps;filtered;xxð/s; xdÞ
ps;filtered;xx;coreð/sÞ

¼ 1

1þ 9:14 expð�0:345xdÞ ; xd �
channel width

2

For u ¼ 0.6:

ps;filtered;xx;scaled ¼ ps;filtered;xxð/s; xdÞ
ps;filtered;xx;coreð/sÞ

¼ �0:00267x2d þ 0:0926xd þ 0:180; xd � 14:5

ð1þ 25:4Þð1� expð�0:450xdÞÞ � 25:4; 14:5\xd � channel width
2

(

ps;filtered;xx;scaledð/sÞ ¼ ps;filtered;xx;periodic

For 0\ u\ 1, we can capture the effect of u on the wall corrections with the correlation given below:

ps;filtered;scaled ¼
ps;filtered;scaled;u¼0:0; u¼ 0:0
ps;filtered;scaled;u¼0:6þðc�1Þps;filtered;scaled;u¼0

c ; 0\u � 0:6
ps;filtered;scaled;u¼0:6; u > 0:6

8<
:

Here, ‘‘c’’ is defined as 0.6/u. For instance, c ¼ 2 for u ¼ 0.3.

3. Filtered particle phase shear viscosity:
For u ¼ 0.0 (free slip):

ls;filtered;scaled ¼
ls;filteredð/s; xdÞ
ls;filtered;coreð/sÞ

¼ 1

1þ 5:69 expð�0:228xdÞ ; xd �
channel width

2

For u ¼ 0.6:

ls;filtered;scaled ¼
ls;filteredð/s; xdÞ
ls;filtered;coreð/sÞ

¼ ð1� 0:130Þð1� expð�0:123xdÞÞ þ 0:130; xd � channel width

2

ls;filtered;scaledð/sÞ ¼ 1:15ls;filtered;periodicð/sÞ
(Continued)
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has become sufficiently smaller than the filter length; (b)
these coarse statistical quantities obtained with different filter
lengths should be the same, at least for a range of filter
lengths; and (c) the coarse statistical quantities obtained by
solving the filtered model must match those obtained by
through highly resolved solution of the microscopic two-fluid
model (which was used to generate the filtered two-fluid
model). It will be demonstrated in this study that all of these
requirements are indeed met satisfactorily, thus establishing
the viability of this approach. Finally, we will also present
some results on the CPU requirements for computations
using the filtered model and contrast it with those for highly
resolved simulations of the microscopic two-fluid model.

The effect of bounding walls on closures for filtered
two-fluid model equations

To probe the effect of solid boundaries on the closure
relations, we simulated the flow of a mixture of uniformly
sized particles and gas through vertical 2D channels
equipped with bounding walls and inlet and outlet regions
(see Figure 1). The kinetic theory-based two-fluid model
equations and the associated constitutive relations used in
these simulations can be found in Agrawal et al.12 Partial
slip boundary conditions (BCs) developed by Johnson and
Jackson45 were used for the tangential velocities and granu-
lar temperature (hs) of the uniformly sized particle phase at
all walls. These BCs are as follows:

n�rs � tþ p

2
ffiffiffi
3

p
/s;max

uqsgo/s

ffiffiffiffiffiffi
Hs

p
vsl ¼ 0; vsl ¼ v� vW

(1)

n � q ¼
ffiffiffi
3

p
p

6/s;max

uqs/sgoH
1=2
s vslj j2

�
ffiffi
3

p
p

4/s;max
ð1� e2wÞqs/sgoH

3=2
s ; q ¼ �ksrHs ð2Þ

Here, u represents the specularity coefficient, which is a
measure of the fraction of collisions transferring tangential
momentum to the wall and varies between zero (for smooth
walls) and unity (for rough walls).46,47 (Values ranging
between 0.0001 and 0.6 have been reported to capture the
macroscopic flow patterns in the literature.48–51) In this
study, we have performed simulations for a number of dif-
ferent specularity coefficients between zero and one. For the
gas phase, free slip BC was used at all walls. (It has already
been shown that the gas/particle flow patterns in a riser are
only weakly dependent on the gas phase BCs.48) All the sim-
ulations were done using the open-domain software MFIX.11

Although all the results will be presented as dimensionless
variables, with qs, vt, and g as the characteristic density, ve-
locity, and acceleration, it is instructive to consider a typical
set of dimensional quantities to help visualize a representa-
tive physical system better. (See Table 1 and the notation for
the nondimensionalization.) Most of the 2D filtered results
with wall corrections presented in this manuscript are based
on computational data gathered in a 2D channel with width
and height of 102.8 and 1028 dimensionless units, respec-
tively. This domain size corresponds to 0.5 m � 5.0 m for
the 7.5 � 10�5 m FCC particles and ambient air (whose
properties are given in Table 1). (Henceforth ‘‘dimensionless
units’’ will be referred to as ‘‘du’’.) In our simulations, the
gas and particles enter the channel uniformly at the bottom.
The dimensionless (dimensional) inlet gas and particle phase
superficial velocities are 4.259 (0.93 m/s) and 0.109 (0.0238
m/s), respectively. The inlet particle phase volume fraction
is 0.07. A splash plate is located over the entire width at the
top. The gas and particles are allowed to leave through exit
regions located on either side (just below the splash plate).
The height of this opening is one-half the width of the sys-
tem. This geometry is similar to the one employed in
Andrews et al.,28 although the dimensions of the channel are
now smaller to make highly resolved simulations affordable.

In each simulation, after an initial transient period that
depended on the initial conditions, persistent, time-depend-
ent, and spatially inhomogeneous structures developed
(henceforth referred to as statistical steady state, SSS). Fig-
ures 2a, b show instantaneous snapshots of the particle phase
volume fraction field in the SSS for simulations with wall
specularity coefficients of 0.0001 and 0.6, respectively. By
analyzing thousands of such snapshots, the closure relations
for the filtered models were obtained with various filter
lengths. The procedure to extract the filtered closure rela-
tions is similar to that used in our earlier study of flows in
periodic domains but also has an important difference. When
simulations are done in a periodic domain, all the cells are
statistically equivalent, and therefore no distinction needs to
be made about the location; the same is not true in a channel
flow simulation. Therefore, the filtered results extracted by
postprocessing a channel flow simulation were classified in
terms of the distance from the boundaries as well as in terms
of the average particle phase volume fraction inside the fil-
tering region. It is important to note that the statistical
results presented here represent averages of at least 1000
samples at each location considered in this study. Also note
that the range of filtered particle volume fraction values for
which one can get such a large number of samples depend
on the time-averaged particle volume fraction at that

Table 2. (Continued)

For 0\ u\ 1, we can capture the effect of u on the wall corrections with the correlation given below:

ls;filtered;scaled ¼
ls;filtered;scaled;u¼0:0; u¼ 0:0
ls;filtered;scaled;u¼0:6þðc�1Þls;filtered;scaled;u¼0

c ; 0\u � 0:6
ls;filtered;scaled;u¼0:6; u > 0:6

8<
:

Here, ‘‘c’’ is defined as 0.6/u. For instance, c ¼ 2 for u ¼ 0.3.
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location. Further discussion of the procedure to extract fil-
tered closure relations can be found in our earlier study,29

Agrawal et al.12 and Andrews et al.28

In this study, these kinetic-theory-based two-fluid model
simulations were performed with a grid length of 0.514 du
as anything finer was beyond our resources. Therefore, we
used the data obtained at this resolution to do the filtering
and all the filtered closure relations presented here are based
on this grid resolution; there are minor quantitative, but not
qualitative, differences between the closures obtained with
0.514 du grids and that presented in our earlier manuscript29

for 0.257 du, but this difference is insignificant when the fil-
ter length is considerably larger than the grid length.

Figures 3a–c show the effect of the bounding walls on the
filtered drag coefficient, particle phase horizontal normal
stress and the particle phase shear viscosity, respectively, for
four different particle volume fractions inside the filtering
region and a filter length of 2.056 du. (We examine the hori-
zontal normal stress as it is the most relevant normal stress
component for the development of lateral segregation of par-
ticles in riser flows. The horizontal normal stress includes
both the kinetic theory contribution and that arising from the
mesoscale fluctuations.) All the quantities in these figures
have been scaled with the corresponding values extracted
from the core region (plateau values) of the channel. The fil-
tered drag coefficient and horizontal normal stress extracted
in the core were found to be very nearly the same as those
obtained in periodic domain simulations at the same grid re-
solution, while the shear viscosity in the core was about
15% higher than that estimated in periodic domain simula-
tions. These confirm that periodic domain simulations cap-
ture to a good accuracy the mesoscale structures in the core.
In these figures, the results are shown for one-half of the
channel width, and the distance is measured from the wall.
It is readily seen that all three filtered quantities are signifi-
cantly different in the core and the wall regions; for exam-
ple, the filtered drag coefficient from the core region of the
suspension is about �five times larger than the filtered drag
coefficient at the wall. The error bars showing the uncer-
tainty in wall corrections are larger than the difference
between the curves corresponding to four different particle
concentrations (inside filtering regions); therefore, we can
conclude that the pattern seen in this figure is essentially
independent of the mean particle phase volume fraction in
a filtering region. It can also be inferred that conditions out-
side the filtering region do not affect the statistical averages
of consequences resulting from the mesoscale structures
inside the filtering region; as a result, simple algebraic clo-
sure models for the drag coefficient, particle phase horizontal
normal stress and shear viscosity suffice.

The dependence of the filtered closures on the distance
from the walls may be rationalized as follows: it is entirely
reasonable that fluctuations will be dampened in the vicinity
of solid boundaries, and as a result the filtered horizontal
normal stress should be diminished near the boundaries (just
as in single phase turbulent flows52). (As the fluctuations
associated with the mesoscale structures contribute to
breakup of clusters, diminished fluctuations near the bounda-
ries result in larger clusters and hence lower drag coefficient.
The wall effect seen in the filtered horizontal normal stress
and drag coefficient appear to extend to approximately the
same distance away from the wall, while that for the shear
viscosity effect is seen to persist for a little further away
from the wall.

Figure 6. (a) Filtered drag coefficient, (b) filtered hori-
zontal particle phase normal stress, and (c)
filtered particle phase viscosity as functions
of distance from the wall, extracted from ki-
netic theory model-based simulations in the
channel shown in Figure 1 for specularity
coefficients of 0, 0.0001, 0.3, 0.6, and 1.

Error bars at four locations are also included. Filter length:
4.112 du. Grid length: 0.514 du. Channel height: 1028 du.
All filtered quantities were scaled with the corresponding
quantities extracted from the core region. See caption for
Figure 3 for additional details.
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Having ascertained that the wall corrections to the filtered
closures are nearly independent of the mean particle volume
fraction in the filtering region, we performed the rest of the
analysis by aggregating the results obtained at various fil-
tered particle phase volume fractions. The effect of the filter
length on the wall corrections to the filtered drag coefficient,
filtered particle phase horizontal normal stress, and shear vis-
cosity are shown in Figures 4a–c, respectively, for three fil-

ter lengths (2.056, 4.112, and 8.224 du). All three quantities
have been scaled by the respective values in the core region,
which depends systematically on filter length; however, the
scaled quantities presented in these figures are nearly inde-
pendent of filter length (to within the error bars shown). In
other words, the filter length dependence of the filtered clo-
sures is essentially independent of the distance from the
wall.

Figure 7. Snapshots of the particle phase volume fraction field extracted from the 2D simulation of (a) the kinetic
theory model equations with 0.514 du grids, (b) the kinetic theory model equations with 1.028 du grids, (c)
the kinetic theory model equations with 2.056 du grids, (d) the filtered model equation with 0.514 du grids,
(e) the filtered model equation with 1.028 du grids, (f) the filtered model equation with 2.056 du grids.

Wall corrections (extracted from kinetic theory simulations with u ¼ 0.6) were included in the closures for the filtered model equations.
Simulation conditions: The dimensionless inlet gas and particle phase superficial velocities are 4.259 and 0.109, respectively. The physical
conditions corresponding to this simulation are listed in Table 1. The inlet particle phase volume fraction is 0.07. Free slip BC was
imposed for both phases at all walls for simulations of the filtered models, whereas in the kinetic theory-based simulations, partial slip BC
for the particle phase (u ¼ 0.6) and free slip BC for the gas phase were used. Channel width and height are 61.68 and 1028 du, respec-
tively. The gray scale axis ranges from /s ¼ 0.00 (white) to /s ¼ 0.45 (black).
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Figures 5a–c display the variation of the filtered drag coeffi-
cient, particle phase horizontal normal stress and shear viscos-
ity with the distance from the wall, extracted from the kinetic
theory model simulations for three different channel widths,
given in the figure legend. (For each width, the results are
shown for one-half of the channel width.) All the filtered quan-
tities have been scaled with the corresponding quantities
extracted from the core region (which were found to be nearly
the same for all three channel widths). The results obtained
with different channel widths nearly collapse (to within the
confidence limit indicated by the error bars), clearly indicating
that the wall effect should not be measured as a fraction of the
channel width; instead it should be viewed in terms of actual
distance (or made dimensionless using a length scale other
than the channel width) from the wall.

In the figures presented above, we scaled the distance
with v2t

�
g, which is the same scale we used to make filter

length dimensionless. To ascertain that this scaling is appro-
priate, we performed simulations with two different particle
diameters (75 and 100 lm). The lines in Figures 5a–c were
generated using the 75 lm particles, while the squares were
obtained for 100 lm particles. For both sets, the variation of
the filtered closures with distance from the channel wall col-
lapsed onto the same curves confirming that the scaling is
indeed appropriate.

We then investigated the effect of flow conditions, such as
particle mass flux and gas velocity, and the wall BCs (parti-
cle-wall restitution coefficient and specularity coefficient for
the Johnson and Jackson BC) on the wall corrections to the
filtered quantities. Among these, only wall-particle specular-
ity coefficient had a measurably significant effect (in the 2D
system studied here).

To study the sensitivity of the wall corrections to the
specularity coefficient u, we carried out simulations for five
different values of u: 0, 0.0001, 0.3, 0.6, and 1 in a channel
with a width of 102.8 du. Snapshots of the particle phase
volume fraction field extracted from two of these simulations
(for u ¼ 0.0001 and 0.6) are shown in Figure 2. It has been
reported that u has a significant effect on the particle con-
centration near the wall; more specifically, a lower specular-
ity coefficient yields higher particle concentration near the
wall.46,47,49 This is indeed what we see in these snapshots;
particles tend to accumulate more and more as the specular-
ity coefficient reaches free slip limit. It is also apparent that
strands and clusters in the wall vicinity orient themselves in
the vertical direction more for the lower specularity coeffi-
cient values. Figures 6a–c display the variation of scaled fil-
tered drag coefficient, particle phase horizontal normal stress
and shear viscosity with the distance from the wall for vari-
ous u values. It is clear that the value of u has a quantita-
tive effect on the wall corrections, but the dependence on u
nearly vanishes for u[ 0.6.

The correlations summarized in Table 2 capture the results
on wall corrections to the filtered model closures and the
specularity coefficient dependence described above.

Wall boundary conditions for the filtered equations

It is generally believed that in high-velocity flows of
densely loaded gas-particle mixtures through large risers the
vertical pressure gradient is largely due to the particle hold-up
and the wall shear is only weakly relevant.53 To test this, we
calculated wall shear stress per unit height (under SSS condi-
tions) from highly resolved kinetic theory-based two-fluid
model simulations (with u ¼ 0.6) for two different channel
widths, 61.68 and 102.8 du and found that wall shear sup-
ported �3% and �1% of the weight of the particles, respec-
tively. When u was lowered to 0.0001 in the 61.68 du wide
channel, the wall shear stress supported only 0.003% of the
weight of the particles. These comparisons confirm that the
wall shear stress is considerably small compared to the weight
of the particles in the channel and that the primary role of the
wall is the ‘‘no penetration condition.’’ With this in mind, we
have set in the remainder of this study the wall BC for the
filtered equations at the bounding walls in 2D systems as free
slip for the particle phase. The observation from Figure 4c that
the filtered shear viscosity in the immediate vicinity of the
walls is considerably smaller than that for the bulk region (at a
comparable particle volume fraction) provides further support
for such simple BCs.

One can readily extrapolate the above analysis for the par-
ticle phase to the gas phase. We simply note here that the
effective BC for the gas phase approaches free slip as the fil-
ter length increases, just as in the case of the particle phase.
Thus, for modestly large filters (of the order of a few cms
for the FCC particles mentioned in Table 1), one can use
free slip BC for both phases as a good first approximation in
2D simulations. Here, it should be noted that if the tube
diameter (or channel width) is small, the wall effect is
expected to become more important and free slip BC may
not be a good choice for wall boundaries. However, the fil-
tered models will not be necessary for these computationally
affordable simulations.

Figure 8. The variation of the particle mass inventory
with grid resolution in the channel, deter-
mined from simulations of the kinetic theory-
based model and the filtered model (corre-
sponding to a filter length of 4.112 du) with
and without wall corrections.

The particle mass inventory was scaled by the particle den-
sity times the volume of the bed. Note that the resolution
increases from left to right. One data point (for a grid length
of 2.056 du) obtained from the filtered model simulations
with wall corrections and no slip BC for both phases was
also included. See caption of Figure 7 for the simulation
conditions.
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Grid resolution dependence of channel flow simulations

Figures 7a–c show snapshots in the SSS for kinetic theory
simulations (of gas-particle flows in a 2D channel as in Fig-
ure 1) at three different grid resolutions, while Figures 7d–f
show simulations with a filtered model corresponding to a
filter length of 4.112 du (and including wall corrections). It
is readily apparent that finer and finer structures got resolved
with increasing grid resolution for the kinetic theory cases,
while this was not the case with filtered model simulations.

Figure 8 shows the variation of the time-averaged (scaled)
particle phase mass inventory with grid resolution, deter-
mined from the simulations with the kinetic theory and the
filtered model with and without wall corrections. (Although
we had established that wall corrections to the closures in
filtered model are appreciable, we performed filtered model
simulations with and without wall corrections to learn more
about the extent of influence brought about by the wall cor-
rections.) The particle mass inventory was scaled with the
product of the particle density and the volume of the bed.
The grid resolution increases from left to right. It is readily
seen that the particle mass inventory predicted by the kinetic
theory model, indicated with light gray squares, became only
grid resolution independent when the grid length was smaller
than 1.028 du. However, an inspection of the lateral particle

volume fraction and mass flux profiles (not shown) revealed
that this grid length was not sufficient to obtain grid resolu-
tion independent results and that the kinetic theory model
did not show any concrete evidence of converging even at
the highest resolution affordable.

In the case of filtered model simulations with wall correc-

tions, represented by black diamond-shaped symbols in Fig-

ure 8, as the grid resolution was increased, the particle phase

mass inventory increased initially, but essentially became

grid resolution independent once the grid length became

smaller or equal to �2.056 du, which is one-half of the filter

length.
Figure 9a compares the variation of temporally and later-

ally averaged particle volume fraction (in the SSS) with the
elevation in the 2D channel obtained from simulations of the
filtered model (including wall corrections) for four grid reso-
lutions. At the bottom of the riser and near the top of the
channel, the particle volume fraction changes rapidly with
elevation, indicating strong entrance and exit effect. At the
very bottom of the channel, the particles get accelerated by
the incoming gas; therefore the average volume fraction ini-
tially decreases. At higher elevations, the particles near the
wall have downward velocities and these descending par-
ticles encounter the ascending particles at the bottom and

Figure 9. (a) The variation of temporally and laterally averaged particle phase volume fraction with the elevation in
the 2D channel.

The variation of time-averaged (b) particle phase volume fraction, (c) axial particle phase mass flux, and (d) axial superficial gas velocity with
the dimensionless distance from the wall at an elevation of 616.6 du. Results were obtained from simulations of a filtered model with a filter
length of 4.112 du (including wall corrections) and different grid lengths, shown in the figure legends. See caption of Figure 7 for the simula-
tion conditions. The circles in Figure 9(b) were obtained by solving the kinetic theory-based model using a grid length of 0.514 du.
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this leads to a rapid increase in volume fraction at an eleva-

tion of about 100–150 du; in other words, the ascending par-

ticles at the bottom capture the descending particles and

redirect them to flow upwards. In the middle region, the var-

iation of particle volume fraction with elevation is gradual;

the average particle phase volume fraction decreases with

increasing elevation. The variation pattern is similar for all

grid resolutions at all elevations. It is clear from the figure

that the two uppermost curves, representing the average par-

ticle volume fraction profile determined with grid lengths of

1.028 and 2.056 du, essentially overlap. Figures 9b–d show

the corresponding variations of the time-averaged particle

phase volume fraction, particle mass flux and gas velocity

(respectively) with dimensionless distance from the bounding

wall at an elevation of 616.8 du for three different dimen-

sionless grid lengths. At all three resolutions, particles accu-

mulate in the vicinity of the walls, and a dilute core region

is observed. It is clear from these figures that lateral profiles

are nearly identical for grid lengths of 1.028 and 2.056 du.

Similar results were obtained at other elevations away from

the entrance and exit effects. Figure 9c includes the time-

averaged particle mass flux results obtained from the most

highly resolved kinetic theory model simulations done in

this study. The agreement between the filtered and kinetic

theory models is good, clearly indicating the filtered model

solutions do indeed correspond to the kinetic theory model

from which they were developed. This is required of a suc-

cessful filtered model and it serves as a verification of the

filtered model approach. Additional such verifications are

provided later in this manuscript.

In the above examples, we employed free slip BCs for the
gas and particle phases at all bounding walls. If one replaces
the free slip conditions with no slip for both phases, the
mass holdup predicted by the filtered model decreased by
�30% (see Figure 8). These two extremes (free slip and no
slip) serve as bounds and thus give an idea about the extent
of the changes in the mean flow characteristics that can
come about altering the BCs. In this example, the free slip
BCs led to better match with the kinetic theory results, for
reasons discussed earlier.

Figure 8 also shows the results obtained when the wall cor-
rections were turned off in the filtered model (while using free
slip BCs). Nearly grid resolution independent solution was still
achieved as when the wall corrections were included; how-
ever, a much smaller mass inventory was predicted without
wall corrections leading to quantitatively very different results
from that obtained with the highly resolved kinetic theory
model simulation. This illustrates that wall corrections are im-
portant for quantitative accuracy. (We also explored the effect
of including the wall corrections to the filtered drag coeffi-
cient, particle phase horizontal normal stress and shear viscos-
ity one at a time or two at a time on the predictions of the fil-
tered model equations. This analysis revealed that the correc-
tions affected the results predicted by the filtered model
simulations quantitatively—namely, increase or decrease par-
ticle phase mass inventory in the channel, but did not affect
the grid resolution independence of these results. Quantitative
comparison with the kinetic theory results were obtained only
when all three corrections were included.)

Grid resolution requirement for filtered models. As the
closures for the filtered model were derived by averaging over
structures smaller than a chosen filter length, Df, it is reasonable
to demand that solution of the filtered model should not yield fine
structures much smaller than the filter length; if it did, it suggests
weakness in the model formulation. Thus, for a satisfactorily con-
structed filtered model, the grid length, Dg, required for grid-inde-
pendent solutions should scale with the filter length. The results
presented in Figures 8 and 9 suggest that Dg � 0.5 Df is essen-
tially adequate. With this in mind, we propose that the grid length
be set as Dg � 0.3� 0.5Df in filtered model simulations.

Addition of a particle phase bulk viscosity term to the
filtered model. In the filtered model, the particle phase
stress was modeled as follows:X

s
¼ ps;filteredI� lb;filteredðr � vÞI

�ls;filtered rvþ rvð ÞT� 2
3
r � vð ÞI

� �
ð3Þ

Figure 10. Snapshots of the particle phase volume
fraction field extracted from the 2D simula-
tion of the filtered model equations
extracted with a filter length of (a) 4.112 du
and (b) 8.224 du.

Simulation conditions: The dimensionless inlet gas and
particle phase superficial velocities are 4.259 and 0.109,
respectively. The physical conditions corresponding to this
simulation are listed in Table 1. The inlet particle phase
volume fraction is 0.07. Grid length: 2.056 du. Free slip
BC was used for both phases at all walls. Wall corrections
(extracted from kinetic theory simulations with u ¼ 0.6)
are included. Channel width and height are 102.8 and
1028 du, respectively. The gray scale axis ranges from /s¼ 0.00 (white) to /s ¼ 0.45 (black).
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where ls;filtered and lb;filtered are the shear and bulk viscosities,
respectively. As we did not determine lb;filtered by filtering the
results from highly resolved kinetic theory model simulations,
we had set it to zero in the examples presented above. We
repeated the simulations in Figure 9 while setting the filtered
bulk viscosity to be the same as the filtered shear viscosity,
and found virtually no change. It is therefore reasonable to
conclude that a bulk viscosity term in the filtered model is not
important for channel flows. We also studied the effect of
adding a mesoscale viscosity term to the gas phase filtered
model equations and found it to have a very weak effect (if
any) on the channel flow results predicted by the filtered
model simulations.

The effect of filter length on predictions of the filtered
models

Snapshots of particle volume fraction fields in the SSS for
gas-particle flow in vertical 2D channel (whose width is
102.8 du) obtained by solving filtered models with filter
lengths of 4.112 and 8.224 du are shown in Figures 10a, b,
respectively. The simulation with coarser filter yielded
slightly coarser structures, as expected.

The variation of temporally and laterally averaged particle
volume fraction with elevation in the channel, obtained in
the SSS of these two simulations is presented in Figure 11a.

It is apparent that both filtered models yielded nearly identi-
cal results. The average particle phase mass inventory scaled
with the product of the channel volume and particle density
was computed to be 0.135 and 0.136 for the filtered models
with filter lengths of 4.112 and 8.224 du, respectively.

Figures 11b–d present the variation of the time-averaged
particle phase volume fraction, axial particle phase mass
flux, and axial superficial gas velocity with the distance from
the wall at two elevations, obtained from the two filtered
models; once again the agreement is good. In all the results
presented in Figures 10 and 11, we have used the same grid
length of 2.056 du, which is one half the size of the smaller
filter used in the comparison. We simply note that when the
filtered model with the larger filter was repeated using a grid
length of 4.112 du, virtually the same results were obtained;
so the grid length recommendation made earlier still applies.

These observations that filtered models corresponding to
two different filter lengths (4.112 and 8.224 du) yielded
comparable results provide support for the soundness of the
approach.

Further verification of the filtered model

Earlier in this manuscript, we provided one comparison
between the results obtained with a filtered two-fluid model
and (highly resolved simulations of) the kinetic theory-based

Figure 11. (a) The variation of temporally and laterally averaged particle volume fraction with the elevation in the
2D channel, determined from simulations of filtered models with filter lengths of 4.112 and 8.224 du.

The variation of time-averaged (b) particle phase volume fraction, (c) axial particle phase mass flux, and (d) axial superficial gas velocity
with the dimensionless distance from the wall at two elevations (616.8 and 822.4 du). Grid length: 2.056 du. See caption of Figure 10
for the simulation conditions.

2702 DOI 10.1002/aic Published on behalf of the AIChE October 2011 Vol. 57, No. 10 AIChE Journal



two-fluid model, for the case of a very bumpy wall (with u
¼ 0.6). We now consider the case of a much smoother wall
with u ¼ 0.0001. Snapshots of the particle volume fraction

field (in the SSS) from the kinetic model simulations with
grid lengths of 0.514, 1.028, and 4.112 du and the filtered
model simulation (with filter and grid lengths of 4.112 and
1.028 du, respectively) are shown in Figures 12a–d. As
shown earlier in Figure 7, the kinetic theory model simula-
tions yielded finer and finer structures as the grid length
decreased.

Figure 13 compares the variation of temporally and later-
ally averaged particle volume fraction with the elevation in
the 2D channel obtained from simulations of the kinetic
theory model for four grid resolutions and that from the fil-
tered model simulations with a grid length of 1.028 du. The
grid resolution dependence of the kinetic theory model is
clearly seen in the figure. The filtered model profile is
slightly above the kinetic model simulation with 0.514 (du)
grids and appears to provide an asymptotic value for the
results that would be predicted by the kinetic theory model
(at an even finer resolution).

The variation of the time-averaged particle phase volume
fraction, dimensionless axial particle phase mass flux and su-
perficial gas velocity (predicted by both models) with the
dimensionless distance from one of the vertical bounding
walls are presented in Figures 14–16, respectively, with pan-
els a and b in each figure corresponding to two different
elevations. These figures clearly show the grid resolution
dependence of the results predicted by the kinetic theory
model. It is also apparent in the figures that the results
predicted by the filtered model and the kinetic model (with
0.514 du grids) are comparable. (The results obtained
with the filtered model for a grid length of 2.056 du are
very close to that reported in these figures and hence are
not shown.) These figures lend further credence to the
filtered model approach to obtaining solutions for such flow
problems.

Figure 12. Snapshot of the particle phase volume fraction
field extracted from the 2D simulation of (a) the
kinetic theory model equations with 0.514 du
grids, (b) the kinetic theory model equations
with 1.028 du grids, (c) the kinetic theory model
equations with 2.056 du grids, (d) the filtered
model equation with 1.028 du grids.

Wall corrections (extracted from kinetic theory simulations
with u ¼ 0.0001) were included in the closures for the fil-
tered model equations. Simulation conditions: The dimen-
sionless inlet gas and particle phase superficial velocities
are 4.259 and 0.109, respectively. The physical conditions
corresponding to this simulation are listed in Table 1. The
inlet particle phase volume fraction is 0.07. Free slip BC
was imposed for both phases at all walls for simulations of
the filtered models, whereas in the kinetic theory-based
simulations, partial slip BC for the particle phase (u ¼
0.0001) and free slip BC for the gas phase were used.
Channel width and height are 61.68 and 1028 du, respec-
tively. The gray scale axis ranges from /s ¼ 0.00 (white)
to /s ¼ 0.45 (black).

Figure 13. The variation of temporally and radially aver-
aged particle volume fraction with the eleva-
tion in the 2D channel, whose snapshots are
shown in Figure 12.

Results were obtained from simulations of a filtered model
with a filter length of 4.112 du (including wall corrections)
and different grid sizes. Results shown as lines were
obtained from simulations of kinetic theory-based model
with different grid lengths, shown in the figure legend.
The circles were obtained by solving the filtered model
(filter length: 4.112 du) using a grid length of 1.028 du.
See caption of Figure 12 for the simulation conditions.
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CPU time comparison

Figure 17 shows the CPU times required to compute one
second of flow for the kinetic theory-based two-fluid (gray
squares) and the filtered model with a filter length of 4.112 du
(black circles) at various grid resolutions. All the simulation
conditions are described in the figure caption (and in Figure
7). The simulations reported in this were performed on Dual
quad core Intel Xeon E5420 processors running at 2.50 GHz.
The filtered-model-based simulation with a grid length of
1.028 du ran �four times faster than the kinetic theory-based
simulation at the same resolution. This can be attributed to the
finer structures contained in the kinetic theory model, see Fig-
ure 7. Note that one does not need to use such a small 1.028
du grid length with the filtered model; when the grid length in
the filtered model simulation is increased to 2.056 du, it ran
�30 and 300 times faster than the kinetic theory-based two-
fluid model with grid lengths of 1.028 and 0.514 du, respec-
tively. When the specularity coefficient was changed to
0.0001, the filtered-model simulation with filter and grid
lengths of 4.112 and 1.028 du (respectively) ran �5 and 40
times faster than the kinetic theory-based simulation with grid
lengths of 1.028 and 0.514 du, respectively. (Once again, a

grid length of 2.056 du would have sufficed for this filtered
model, which would have lowered the computational time for
the filtered model by a factor of �7.5.).

Next, we compared the simulation times (for flow in the
102.8 du-wide channel) for filtered models with two different
filter lengths and a grid length of 2.056 du. The model with a
filter length of 8.224 du ran three times faster than that with a
filter length of 4.112 du. This can be attributed to the finer
structures contained in the latter model. Note that one does not
need to use a grid length of 2.056 du for a model with a filter
length of 8.224 du; the filtered model with a filter length of
8.224 du and grid lengths of 2.570 and 4.112 ran �7 and 25
times faster than the filtered model with a filter length of 4.112
du and a grid length of 2.056 du. Combining this example
with the one in the previous paragraph, we project that a fil-
tered model with a filter length of 8.224 du (and 4.112 du
grids) will yield solution �7500 times faster than the kinetic
theory model with a grid length of 0.514 du (which was seen
to be necessary to get nearly grid independent solution).

For the 75 lm particles in Table 1, a filter length of 8.224
du translates to a filter length of 4 cm. In large-scale proc-
esses, one typically uses even larger grids and so one would

Figure 14. The variation of dimensionless time-averaged
particle phase volume fraction with the dimen-
sionless distance from the west (left) wall at
two elevations (a) 616.8 du; (b) 822.4 du.

Results shown as lines were obtained from simulations of
kinetic theory-based model with different grid lengths,
shown in the figure legends. See caption of Figure 12 for
the simulation conditions. The circles were obtained by
solving the filtered model (filter length: 4.112 du) using a
grid length of 1.028 du.

Figure 15. The variation of dimensionless time-averaged
particle phase mass flux with the dimension-
less distance from the west (left) wall at two
elevations (a) 616.8 du; (b) 822.4 du.

Results shown as lines were obtained from simulations of
kinetic theory-based model with different grid lengths,
shown in the figure legends. See caption of Figure 12 for
the simulation conditions. The circles were obtained by
solving the filtered model (filter length: 4.112 du) using a
grid length of 1.028 du.
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use even larger filters and correspondingly faster simulations
(when compared with highly resolved kinetic theory model
simulations whose required grid resolution is not likely to
change with process vessel size). Finally, when one considers
3D simulations, the difference between filtered and well-
resolved kinetic theory models is expected to be even larger.

In summary, filtered models allow us to study the large
structures in gas-particle flows without having to resolve
smaller structures and in a computationally affordable and
faster manner.

Summary

We have investigated the effect of the bounding walls on
the closure relationships for the filtered two-fluid model
equations through a set of 2D flow simulations in a channel
equipped with bounding walls and inlet and outlet regions.
This study, which is valid for the particle volume fraction
range typical of gas-particle flows in risers, reveals that:

(a) Closures for the filtered drag coefficient and particle
phase stress depend not only on particle volume fraction and
the filter length but also on the distance from the wall.

(b) The wall effect should not be measured as a fraction
of the channel width; instead, it should be viewed in terms
of the actual distance from the wall. The characteristic
length to scale the distance from the wall is the same as that
used to scale the filter length.

(c) The wall corrections to the filtered closures are nearly
independent of the mean particle volume fraction in the fil-
tering region.
(d) The wall corrections to the filtered closures are nearly

independent of the filter lengths considered in this study.
(e) The simplest effective BC for the filtered equations at

the bounding walls is free slip BC.
Filtered model simulations performed in this study

revealed the following:
(a) Grid resolution independent solutions resulted when

the grid length is �half the filter length or smaller.
(b) Filtered models did indeed yield the same coarse sta-

tistical results as highly resolved simulations of kinetic
theory-based two-fluid model (which was used to derive the
filtered models).

(c) Filtered models with two different filter lengths were
shown to afford the same coarse statistical results.
(d) Filtered model simulations required significantly less

computational time when compared with highly resolved ki-
netic theory-based two-fluid model simulations.

This study establishes the fidelity of the filtered model,
but two important tasks remain: (a) It would be useful to es-
tablish general closures for the filtered model in terms of
particle volume fraction and filter length so that they can be
broadly used by researchers; (b) The filtered model predic-
tions should be compared against experimental data. These
will be described in future publications.
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Notation

dp ¼ particle diameter (m)
ep ¼ coefficient of restitution for particle-particle

collisions
ew ¼ coefficient of restitution for wall-particle collisions
Frf ¼ Froude number based on filter length ¼ v2t

�
gDf

Frg ¼ Froude number based on grid length ¼ v2t
�
gDg

g, g ¼ acceleration due to gravity (m/s2)
go ¼ value of radial distribution function at contact

ps;filtered ¼ filtered particle phase pressure (kg/m s2)
ps;filtered;d ¼ ps;filtered;d made dimensionless; ps;filtered;d ¼

ps;filtered
�
qsv

2
t

ps;filtered;xx ¼ filtered particle phase horizontal normal stress
(kg/m s2)

ps;filtered;xx;core ¼ ps;filtered;xx extracted from the core region of the 2D
channel (kg/m s2)

ps;filtered;xx;periodic ¼ ps;filtered;xx extracted from periodic BC simulations
(kg/m s2)

ps;filtered;xx;d ¼ ps;filtered;xx;d made dimensionless; ps;filtered;xx;d ¼
ps;filtered;xx

�
qsv

2
t

ps;filtered;xx;scaled ¼ ps;filtered;xx scaled with ps;filtered;xx;core; ps;filtered;xx;scaled ¼
ps;filtered;xx

�
ps;filtered;xx;core

ps;kinetic ¼ filtered value of particle phase pressures in the
kinetic theory model (kg/m.s2)

q ¼ flux of granular energy (kg/s3)
vt ¼ terminal settling velocity (m/s)
v ¼ particle phase velocity in the microscopic two-fluid

model (m/s)
v ¼ filtered particle phase velocity (m/s)
v0 ¼ fluctuations in particle phase velocity (m/s)

x, y ¼ position vectors (m)
xd ¼ dimensionless distance from the west (left) wall

Greek letters

bfiltered ¼ filtered drag coefficient (kg/m3 s)
bfiltered;core ¼ bfiltered extracted from the core region of the 2D

channel (kg/m3 s)
bfiltered;periodic ¼ bfiltered extracted from periodic BC simulations (kg/

m3 s)
bfiltered;d ¼ dimensionless filtered drag coefficient ¼

bfilteredvt
�
qsg

bfiltered;scaled ¼ bfiltered scaled with bfiltered;core; bfiltered;scaled ¼
bfiltered

�
bfiltered;core

/s, /g ¼ particle and gas phase volume fractions, respectively
/s,max ¼ maximum particle volume fraction
/s, /g ¼ filtered particle and gas phase volume fractions,

respectively
qs, qg ¼ particle and gas densities, respectively (kg/m3)

Df ¼ filter length (m)
Dg ¼ grid length (m)
rs ¼ particle phase stress tensor in the kinetic theory

model (kg/m s2)
Rs ¼ filtered total particle phase stress (kg/m s2)
ks ¼ granular thermal conductivity (kg/m s)
lg ¼ gas phase viscosity (kg/m s)
ls ¼ shear viscosity of the particle phase appearing in the

kinetic theory model (kg/m s)
lb;filtered; ls;filtered ¼ bulk and shear viscosities of the particle phase

appearing in the filtered two-fluid model (kg/m s)
ls;filtered;d ¼ ls;filtered made dimensionless; ls;filtered;d ¼

ls;filteredg
�
qsv

3
t

ls;filtered;core ¼ ls;filtered extracted from the core region of the 2D
channel (kg/m s)

ls;filtered;periodic ¼ ls;filtered extracted from periodic BC simulations (kg/
m s)

ls;filtered;scaled ¼ ls;filtered scaled with ls;filtered;core; ls;filtered;scaled ¼
ls;filtered

�
ls;filtered;core

hs ¼ granular temperature (m2/s2)
u ¼ wall specularity coefficient
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